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Quantum mechanics challenges our intuition on the cause-effect relations in nature. Some fun-
damental concepts, including Reichenbach’s common cause principle or the notion of local realism,
have to be reconsidered. Traditionally, this is witnessed by the violation of a Bell inequality. But are
Bell inequalities the only signature of the incompatibility between quantum correlations and causal-
ity theory? Motivated by this question we introduce a general framework able to estimate causal
influences between two variables, without the need of interventions and irrespectively of the clas-
sical, quantum, or even post-quantum nature of a common cause. In particular, by considering the
simplest instrumental scenario -for which violation of Bell inequalities is not possible- we show that
every pure bipartite entangled state violates the classical bounds on causal influence, thus answering
in negative to the posed question and opening a new venue to explore the role of causality within
quantum theory.
Introduction– Estimating relations of cause and effect
are central and yet one of the most challenging goals of
science. Since long it has been realized that correlations
do not imply causation. The reason is that any corre-
lation observed between two or more random variables
can, at least in the classical regime, be explained by a
potentially unobserved common cause. Understanding
under which conditions such confounding factors can
be controlled, such that empirical data can be turned
into a causal hypothesis, has found a firm theoretical
basis with the establishment of the mathematical the-
ory of causality [1, 2]. Concepts like interventions, ran-
domized controlled experiments and instrumental vari-
ables are nowadays basic worktools in the estimation of
causal influences in a variety of fields [3–7].
Despite its success, all such ideas and applications
rely on the classical notion of causality that since Bell’s
theorem [8] we know cannot be applied to quantum
phenomena.
The violation of a Bell inequality shows that quantum
correlations are incompatible with the joint assumption
of the causal constraints of local realism and measure-
ment independence (“free-will”) [9, 10]. As it turns out,
the phenomenon of quantum nonlocality can be seen as
a particular case of causal inference problem [11], a re-
alization that has sparked a number of generalizations
of nonlocality to causal networks of growing size and
complexity [12–16]. But apart from the violation of Bell
inequalities, are there any other consequences of quan-
tum correlations to the theory of causality?
The standard manner to distinguish between a com-
mon cause and direct causal influences among two vari-
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ables is via an intervention [3]. However, in some cases
it might not be possible to intervene in the system,
e.g., due to ethical reasons, or because one is inter-
ested in estimating causal effects in past experiments.
As shown in Refs. [17, 18], differently from the classical
case, observed quantum correlations alone are some-
times enough to resolve the question. This has led to
a formalization of a quantum common cause [19] and,
more generally, quantum causal models [20–26]. How-
ever, the solution in Refs. [17, 18] relies on causal to-
mography, that is, it depends on the precise knowledge
of the physical system and the measurement appara-
tuses. Strikingly, as shown in the pioneering work [27]
causal influences can also be estimated without inter-
ventions and in a device-independent manner, via the
introduction of an instrumental variable. This result,
however, relies on the assumption that the unobserved
hidden causes are classical and satisfy the property of
local realism. In view of that, the instrumental scenario
has started to be analyzed from a quantum perspective
[28–30], however, despite these initial attempts, it is not
known how quantum effects can change the cause and
effect relations that can be inferred from the instrumen-
tal data. That is precisely the question we resolve in this
paper.
We consider the problem of determining casual in-
fluences in quantum causal models. To this aim we use
the common measure known as the average causal ef-
fect (ACE) [1], defined in terms of interventions, which
can be either measured directly or can be estimated
from observational data with the help of an instru-
mental variable. As we show here, by considering the
simplest instrumental scenario, every pure entangled
state as well as every pair of incompatible projective
measurements can generate correlations that violate the
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2classical bounds on ACE, derived in Ref. [27]. Remark-
ably, in this simplest scenario quantum correlations
cannot violate any Bell-type inequality [20]. That is,
our results imply that quantum correlations can gener-
ate non-classical signatures going beyond the paradig-
matic violation of Bell inequalities. Motivated by that
we also introduce a general framework for causal infer-
ence in the instrumental scenario, providing bounds for
ACE and applicable to quantum theory and beyond.
Quantifying causality and the instrumental scenario–
Given two variables A and B, our aim is to quantify
how much of their correlations are due to direct causal
influences from A to B, or due to some common cause
described (classically) by a random variable, Λ. If we
do not have empirical access to the common cause, one
option is to intervene on the variable A, that is, fix its
value to a value of our choice independent of Λ. The
intervention erases any correlation between A and B
mediated by Λ. Thus, any remaining correlation after
such intervention can unambiguously be associated to
the direct causal influence A → B. Interventions are a
natural choice for quantifying causality. In fact, one of
the most widely used measures of causal influence is
the ACE measure, defined in terms of interventions as
ACEA→B = max
a,a′ ,b
(
p(b|do(a))− p(b|do(a′))
)
, (1)
where we used a notation, p(b|do(a)) to denote the
probability of Bob’s outcome b when variable A is set
by force to be a. We refer to it as do-probability in the
text. The ACE measures the maximum change in the
distribution of the variable B when the value of A is
altered.
For a variety of reasons, however, it is not always pos-
sible to perform an intervention. With the aim of still
being able to estimate causal influences based only on
the observational data, the instrumental scenario has
been developed [31, 32]. The idea is to introduce a
third variable in a full control of the experimenter, the
so-called instrumental variable X. The variable X is
assumed to be independent from the common source
variable Λ, that is, p(x,λ) = p(x)p(λ). Furthermore, X
is supposed to have a direct causal effect only over A
and not B, that is, p(b|a, x,λ) = p(b|a,λ). Such causal
assumptions can be graphically represented via the di-
rected acyclic graph shown in Fig. 1(left). It implies that
the observed probability distribution is given by
p(a, b|x) =∑
λ
p(a|x,λ)p(b|a,λ)p(λ). (2)
Do-probabilities p(b|do(a)) are given by
p(b|do(a)) =∑
λ
p(b|a,λ)p(λ), (3)
where the conditional distribution p(b|a,λ) as well as
the distribution of p(λ) are the same as in Eq. (2).
To understand the role of the instrumental variable,
consider a simple linear relation between the variables
given by b = κa + λ. If we multiply both sides by
x and compute the covariance given by C(X, B) =
〈X, B〉 − 〈X〉〈B〉, by using C(X,Λ) = 0, we see that
κ = C(X, B)/C(A, B). That is, simply combining the
correlations of B with both A and X, we can estimate
the causal influence κ without the need of any inter-
vention. In this example, however, we assumed a prior
knowledge of the functional dependencies among the
variables. Nicely, causal influences can be estimated
even without such assumptions, just as in the device-
independent framework for quantum information [33],
where we perform tasks without the precise knowledge
of the underlying physical mechanisms.
In the particular case where all variables are binary
a, b, x ∈ {0, 1}, the classical ACE (cACE) can be tightly
lower-bounded by several expressions including only
the observed probabilities p(a, b|x) [27]. Here we give
one of the bounds that we often use in this work:
cACEA→B ≥ (4)
2p(0, 0|0) + p(1, 1|0) + p(0, 1|1) + p(1, 1|1)− 2.
For more lower bounds on cACEA→B see Refs. [1, 27]
or Appendix A.
We give another example that signifies the impor-
tance of lower bounds such as in Eq. (4). Consider
that A stands for smoking/non-smoking and B for
cancer/no-cancer. Clearly, intervening and forcing peo-
ple to smoke is not possible. Strikingly, simply intro-
ducing an instrumental variable X standing, for ex-
ample, for taxation/non− taxation of tobacco –that ar-
guably will affect whether people smoke or not, but
will not have a direct causal effect on the development
of cancer– and using Eq. (4), we can estimate the ef-
fect of interventions and thus lower bound such causal
influences.
Within the classical theory of causality, for the bound
in Eq. (4) to be valid, one needs to assure that the instru-
mental causal assumptions are fulfilled. In other terms,
that the underlying causal structure is that described
by Eq. (2). For that aim, the so-called instrumental in-
equalities have been devised [1, 34, 35].
In the instrumental scenario with binary variables,
which we consider here, the only class of instrumental
inequalities is given by ∑a maxx p(a, b|x) ≤ 1 [34, 35].
Curiously, these inequalities remain valid, if the com-
mon source is replaced by a quantum state or even
post-quantum box [20], in contrast to the simplest Bell
scenario [36].
At first, this might seem to imply that the classical
bound on ACE in Eq. (4) continues to hold even in the
presence of quantum or post-quantum sources. As we
show next, this is not the case.
Quantifying causality with a quantum common source– If
3FIG. 1. Directed acyclic graphs depicting causal structures:
(left) Instrumental scenario and (right) Bell scenario. In
the quantum model we consider here, the classical common
source described by a random variable Λ is replaced by a
quantum (potentially entangled) state ρAB.
the common source is a bipartite quantum state ρAB,
the most general way to generate the classical binary
variables A and B, is to perform local measurements,
described by operators Mxa and Nab , on each subsystem.
Here the value x is used to choose Alice’s measurement
setting and the outcome a of Alice’s measurement is
used to determine Bob’s measurement setting, accord-
ingly. Quantum correlations in the instrumental sce-
nario are then described by
p(a, b|x) = tr[(Mxa ⊗ Nab )ρAB]. (5)
In full analogy with the classical case, one can then de-
fine quantum interventions as
p(b|do(a)) = tr [(1⊗ Nab )ρAB] = tr [NabρB], (6)
where ρB is the reduced state of Bob’s system. This im-
plies that if an actual intervention is made, the observed
quantum average causal effect (qACE) is given by
qACEA→B = maxa,a′ ,b
(tr[(Nab − Na
′
b )ρB]). (7)
As expected, if the shared state ρAB is separable, the
classical and quantum definitions of ACE coincide (see
Appendix A). That is, correlations mediated by a sep-
arable state comply with the classical bound in Eq. (4).
As stated in our first result, the proof of which can be
found in the Appendix A, the same does not hold true
for entangled states.
Result 1. Every pure entangled state can generate correla-
tions that violate the classical bound on ACE. Moreover, en-
tanglement is necessary but not sufficient for such violations.
This result implies that –even though in the simplest
instrumental scenario quantum correlations admit clas-
sical explanation of the form in Eq. (2)– the amount of
observable causal influence qACEA→B is strictly smaller
than that required, if the correlations were classical. In
other terms, even if no instrumental inequality is vio-
lated, the non-classicality of the correlations can be wit-
nessed by interventions on the classical variable A.
In order to quantify the degree of violation v, we con-
sider how much the classical bound in Eq. (4) overes-
timates the causal influence in the presence of an en-
tangled source. In Fig. 2 we show violation vα for
an entangled two-qubit state ρAB = |ψ〉〈ψ|, |ψ〉 =
cos(α)|0, 0〉 + sin(α)|1, 1〉 for α ∈ [0, pi4 ]. As detailed
in the Appendix A, a maximally entangled two-qubit
state violates the classical bound by at most the amount
3(
√
6− 2)/8 ≈ 0.169. However, this is not the optimal
violation: non-maximally entangled states give rise to a
higher violation up to 3− 2√2 ≈ 0.172, a fact that in the
context of Bell inequalities has been called non-locality
anomaly [37]. Moreover, one can easily see that entan-
glement is not sufficient for the violation. For example,
a maximally entangled state mixed with white noise in
the amount of p stays entangled for p < 2/3, however,
it leads to a violation only if p < 1−√2/3 ≈ 0.1835.
Violation of Bell inequalities [36] is not only a proof
that the shared state is entangled, but also a witness of
the fact that the measurements being performed should
display some non-classicality, as they should be incom-
patible [38–40]. As proven in the Appendix B and
stated below, a similar result holds for the violation of
the classical bounds on causal influence.
Result 2. Every pair of incompatible rank-1 projective qubit
measurements can generate correlations that violate the clas-
sical bound on ACE. Moreover, incompatibility of both Al-
ice’s and Bob’s observables is necessary but not sufficient for
the violation.
In Fig. 2 we show violation of the bound in Eq. (4)
as a function of the angle φ between the measure-
ments of Bob that we consider to be Na0 =
1
2 (1 +
cos(φ)σz + (−1)a sin(φ)σx). In Fig. 2 the angle φ ranges
between 0 and pi2 with 0 (
pi
2 ) corresponding to per-
fectly aligned (antialigned) σz (σx) measurements. The
value φ = pi4 corresponds to the case of mutually un-
biased bases measurements which are optimal for the
violation of the simplest Bell inequality [36]. In our
case, the optimal measurements of Bob correspond to
φ = arctan( 2√
3
√
2+2
) ' 0.2149pi.
So far we have relied on interventions on the vari-
able A and explicitly taken into account the quantum
states and measurements. However, in the more gen-
eral case we are given some observational data p(a, b|x),
but do not know a priori which states and measure-
ments have been employed. In this case, our aim is to
be able to estimate qACE from the observational data
p(a, b|x), without actually needing to perform an inter-
vention. That is, in order to find a device-independent
bound on qACE, we have to optimize over all possible
measurements and states generating the observed cor-
relations p(a, b|x). Our approach to this problem is to
map the instrumental scenario to the more familiar and
well-studied bipartite Bell scenario [29].
4Let us consider a Bell scenario shown in Fig. 1(right)
that contains the same observed random variables A, B
and X as the instrumental scenario in Fig. 1(left) and an
additional classical variable Y that takes values from the
same set as A, and has a causal effect only on B. We also
take the hidden common cause, classical or quantum, to
be the same for both scenarios. Let pBell(a, b|x, y) be the
observed behaviour in the considered Bell scenario. Lo-
cal hidden-variable theories reproduce correlations of
the following type
pBell(a, b|x, y) =∑
λ
p(a|x,λ)p(b|y,λ)p(λ). (8)
Conversely, quantum behaviour corresponding to mea-
surement operators Mxa and N
y
b and quantum state ρAB
is pBell(a, b|x, y) = tr [(Mxa ⊗ Nyb )ρAB]. The following
mapping
p(a, b|x) = pBell(a, b|x, a), ∀a, b, x (9)
connects classical, quantum and post-quantum correla-
tions in Bell and the instrumental scenarios in a uni-
fied manner. Indeed, one can directly see that the map-
ping in Eq. (9) transforms classical correlations in Eq. (8)
to the ones in Eq. (2) and the same mapping connects
their quantum counterparts. More importantly, we can
compute the unobserved do-probabilities p(b|do(a)) in
terms of pBell(a, b|x, y) in the following way
p(b|do(a)) =∑
a′
pBell(a′, b|x, a), ∀a, b, x, (10)
where the choice of x does not play any role as long
as the correlations pBell(a, b|x, y) obey the non-signaling
constraints [41]. One can then see that expressing do-
probabilities with the map in Eq. (10) is equivalent to
the previous definitions for do-probabilities in classi-
cal and quantum case. We remark that the mapping
in Eqs. (9,10) is not the same as the post-processing on
the events of Y = A, but is rather a projection from
the space of pBell(a, b|x, y) to the space of p(a, b|x) and
p(b|do(a)). The mapping in Eqs. (9,10) allows the use
of known techniques for bounding the set of quantum
correlations in Bell scenario, in particular, the so-called
NPA hierarchy [42], with a slight variation: Here the
probabilities pBell(a, b|x, a′), (a 6= a′), with no analogy
in the instrumental scenario, play the role of the “unob-
served" variables of the semidefinite program [43]. Ad-
ditionally, for binary A one should take into account the
relation pBell(a, b|x, a′) = p(b|do(a′)) − p(a′, b|x), that
follows from ∑a pBell(a, b|x, a′) = pBell(b|a′).
In the following we focus on the binary case (a, b, x ∈
{0, 1}) and derive a number of analytical results.
Result 3. In the instrumental scenario with dichotomic mea-
surements qACE is lower bounded as
qACEA→B ≥ ∑
x=0,1
(p(0, 0|x) + p(1, 1|x)) + ζ − 1, (11)
0
0.04
0.08
0.12
0.16
0 0 0.1 0.2 0.3 0.4 0.5
0
0.1
0.2
0.3
0.4
0.5
FIG. 2. (left) Violation vα of the classical bound by an en-
tangled two-qubit pure state with parameter α; and violation
vφ as a function of the angle φ between projective measure-
ments of Bob. The dashed lines show that optimal states
and measurements are different from the maximal entangled
state (α = pi4 ) and measurements in mutually unbiased bases
(φ = pi4 ). (right) Regions with non-zero lower bounds on
cACE (Ref. [27]), qACE (Eq. (11)), and nACE (Eq. (12)).
ζ = max±
√
∏
a=0,1
(1± ∑
x=0,1
(−1)x(p(a, 0|x)− p(a, 1|x))).
The derivation of the above bound is presented in
Appendix C. In Fig. 2(right) we compare the lower
bounds in Eq. (11) and the one in Eq. (4) (along with
the other bounds in Ref. [27]) by plotting the regions
in which these bounds are non-zero, showing a clear
gap between the classical and quantum descriptions. In
Fig. 2(right) a particular slice of the probability space is
considered, corresponding to p(1, 0|x) = 0, p(0, 1|x) =
1
2 − p(0, 0|x), p(1, 1|x) = 12 , x = 0, 1.
Quantifying causality in post-quantum theories– One
might be interested whether nontrivial lower bounds
similar to Eqs. (4,11) exist in generalized probabilistic
theories. Here we answer this question for correlations
constrained only by the non-signaling condition in Bell
scenario [41].
In order to do so, we map (using Eqs. (9,10)) the non-
signaling constraints to the instrumental scenario and
use linear programming techniques (see Appendix D)
to find tight lower bounds on non-signaling ACE
(nACE):
nACEA→B ≥ maxx (p(0, 0|x)) +maxx (p(1, 1|x))− 1. (12)
In Fig. 2(right) we also plot the region where
nACEA→B ≥ 0, which is given by two lines with
p(0, 0|0) = 12 and p(0, 0|1) = 12 .
Discussion– The incompatibility of quantum correla-
tions with classical causal models is a cornerstone in
the foundations of quantum theory. The paradigmatic
manner of witnessing this non-classility is via the vio-
lation of Bell inequalities. There are causal scenarios,
however, where violations of Bell-type inequalities are
not possible [20]. At first, this might seem to imply that
5quantum common causes do have a classical explana-
tion in such scenarios. As we show here, this intuition
is false. Even in the absence of Bell violations, quan-
tum correlations can violate the classical bounds for the
causal influence between two variables in the presence
of a quantum common cause. More precisely, every
pure entangled state and incompatible projective mea-
surements can violate such bounds. Motivated by this
result we propose a general framework to put bounds
on the average causal effect in the presence of quantum
common causes and even non-signaling boxes. We ob-
tain several analytical results and compare the regions
where the aforementioned bounds are non-trivial.
Here we have focused on the scenario where all the
observed variables are classical but the common cause
can be quantum. Generalizations where other variables
in the instrumental causal structure are made quantum
open an interesting venue for future research. For in-
stance, the teleportation protocol [44] is an instrumental
scenario where the instrumental variable X is the state
to be teleported and the outcome B is the teleported
quantum state. Other paradigmatic quantum informa-
tion scenarios such as the remote state preparation [45]
and dense coding [46] have also an underlying instru-
mental causal structure. On more foundational side,
many physical principles have been developed to un-
derstand why quantum correlations do not violate Bell
inequalities up to the maximum allowed by special rel-
ativity [41]. In this work we showed that quantum the-
ory also imposes strict bounds on the causal influence
between events that differ for generalized probabilistic
theories. Can it be that there is an underlying causal
principle explaining quantum correlations? We hope
that our results will trigger such further developments.
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APPENDIX
In this Appendix we provide technical details regarding proofs of the results stated in the main text. In Section A
we provide a proof of Result 1 regarding entanglement. In Section B we present a similar result for incompatibility,
stated in Result 2. In Section C we explain the derivation of the lower bound on qACE in Eq. (11). Finally, we
dedicate Section D to a derivation of lower bounds on ACE valid for post-quantum non-signaling theories.
Notations: In the text we denote random variables by capital letters, e.g., A, and their values by the corresponding
lower-case letters, e.g., a. Additionally, we use the common shorthand notation p(a) ≡ p(A = a) for probabilities.
We denote POVM effects by capital letters with a double index Mxa , where x stands for the choice of the setting and
a for the outcome. Two-outcome POVM is represented by an ordered pair of effects (Mx0 , M
x
1 ). Binary observables
corresponding to this POVM we denote by the same letter with a single index, e.g., Mx = Mx0 − Mx1 . As in the
main text we denote Alice’s POVMs by (Mx0 , M
x
1 ), x = 0, 1 and Bob’s by (N
a
0 , N
a
1 ), a = 0, 1.
A. Proof of Result 1
We start by restating a result from Ref. [27]. In the presence of classical common cause the average causal effect
cACEA→B can be lower-bounded as follows:
cACEA→B ≥ max

p(0, 0|0) + p(1, 1|1)− 1
p(1, 1|0) + p(0, 0|1)− 1
2p(0, 0|0) + p(1, 1|0) + p(0, 1|1) + p(1, 1|1)− 2
p(0, 0|0) + 2p(1, 1|0) + p(0, 0|1) + p(1, 0|1)− 2
p(0, 1|0) + p(1, 1|0) + 2p(0, 0|1) + p(1, 1|1)− 2
p(0, 0|0) + p(1, 0|0) + p(0, 0|1) + 2p(1, 1|1)− 2

. (13)
Now we are ready to present proofs of our results on entanglement that we divide into two parts.
6Proof. Part 1. In the first part of the proof we show that entanglement is necessary to violate the classical bound in
Eq. (13). The fact that it is not sufficient was discussed in the main text.
We remind the reader that in the presence of a classical common cause Λ we have that
p(b|do(a)) =∑
λ
p(b|a,λ)p(λ), p(a, b|x) =∑
λ
p(a|x,λ)p(b|a,λ)p(λ), (14)
where p(b|a,λ) and p(λ) are the same probability distributions appearing in both decompositions. If the shared
state ρAB is separable, i.e., ρAB = ∑λ p(λ)ρλA ⊗ ρλB, the observable distribution is given by
p(a, b|x) = tr [(Mxa ⊗ Nab )ρAB] = tr
[
(Mxa ⊗ Nab )∑
λ
p(λ)ρλA ⊗ ρλB
]
(15)
= ∑
λ
p(λ) tr
[
Mxaρ
λ
A
]
tr
[
Nabρ
λ
B
]
=∑
λ
p(a|x,λ)p(b|a,λ)p(λ),
where we have identified p(a|x,λ) = tr [MxaρλA] and p(b|a,λ) = tr [NabρλB]. In turn, an intervention on A leads to
p(b|do(a)) = tr [NabρB] = tr
[
Nab ∑
λ
p(λ)ρλB
]
=∑
λ
p(λ) tr
[
Nabρ
λ
B
]
=∑
λ
p(b|a,λ)p(λ), (16)
where again we have p(b|a,λ) = tr [NabρλB], i.e., the same response function as in Eq. (15).
Part 2. Here we show that every pure entangled state leads to a violation of Eq. (13). Let us take dA and dB to
be the local dimensions of Alice’s and Bob’s subsystems. Let us then define D = min(dA, dB). We need to consider
further two cases, when D is even or odd. The odd case is more involving, but luckily we can consider them
together. Without loss of generality we consider a bipartite pure state ρAB = |ψ〉〈ψ|, |ψ〉 ∈ HdAA ⊗ HdBB , and
|ψ〉 =
D
∑
i=1
λi|i, i〉, (17)
where λ1 ≥ λ2 ≥ · · · ≥ λD > 0, and {|i〉}i is the computational basis. Following Ref. [47], we fix the measurements
of both parties to be the following:
Mx = sin(θx)
D
2⊕
i=1
σX + cos(θx)
D
2⊕
i=1
σZ +Π, Na = sin(φa)
D
2⊕
i=1
σX + cos(φa)
D
2⊕
i=1
σZ +Π, (18)
where now we fix the effective dimension of both parties’ measurements to be D, and Π is the matrix with the only
non-zero entry ΠD,D = 1, if D is odd and 0, otherwise.
Finally, let us define a notation, which turns out to be handy in the subsequent derivations:
γ =
{
λ2D, D is odd
0, otherwise,
(19)
and
M(θx) ≡ Mx = Mx0 −Mx1 , N(φa) ≡ Na = Na0 − Na1 , x, a ∈ {0, 1}, (20)
Then, we can express qACE as follows:
qACEA→B = maxb
(
tr[1⊗ (N0b − N1b )|ψ〉〈ψ|]
)
=
1
2
|〈ψ|1⊗ (N(φ0)− N(φ1)|ψ〉| ≡ 12 |〈1⊗ (N(φ0)− N(φ1)〉|. (21)
Without loss of generality we can assume that 〈1⊗ (N(φ0)− N(φ1)〉 ≥ 0. If this is not the case we can consider the
scenario where Alice relabels the measurement outcomes and the subsequent derivations would follow accordingly.
7Now, let us consider the classical bound in Eq. (4), which we denote as cACE∗A→B, (i.e., cACEA→B ≥ cACE∗A→B),
cACE∗A→B = 2〈M00 ⊗ N00 〉+ 〈M01 ⊗ N11 〉+ 〈M10 ⊗ N01 〉+ 〈M11 ⊗ N11 〉 − 2 (22)
=
1
2
(1+ 〈1⊗ N(φ0)〉+ 〈M(θ0)⊗ 1〉+ (1− γ) cos(θ0) cos(φ0) +Λ sin(θ0) sin(φ0) + γ)
+
1
4
(1− 〈1⊗ N(φ1)〉 − 〈M(θ0)⊗ 1〉+ (1− γ) cos(θ0) cos(φ1) +Λ sin(θ0) sin(φ1) + γ)
+
1
4
(1− 〈1⊗ N(φ0)〉+ 〈M(θ1)⊗ 1〉 − (1− γ) cos(θ1) cos(φ0)−Λ sin(θ1) sin(φ0)− γ)
+
1
4
(1− 〈1⊗ N(φ1)〉 − 〈M(θ1)⊗ 1〉+ (1− γ) cos(θ1) cos(φ1) +Λ sin(θ1) sin(φ1) + γ)− 2.
where Λ = 2∑i λ2i−1λ2i. In case of odd D sum in Λ truncates at λD−2λD−1. For 〈M(θx)⊗ N(φa)〉 we used the
following identity from Ref. [47]:
〈M(θx)⊗ N(φa)〉 = (1− γ) cos(θx) cos(φa) +Λ sin(θx) sin(φa) + γ. (23)
We simplify the expression in Eq. (22) by grouping some of the entries together
cACE∗A→B =
1
4
(− 3+ 〈1⊗ N(φ0)〉+ 〈M(θ0)⊗ 1〉 − 2〈1⊗ N(φ1)〉+ f (θ0, θ1, φ0, φ1,Λ,γ)), (24)
where f (θ0, θ1, φ0, φ1,Λ,γ) is a function which we specify later. Instead, let us first fix θ0 = φ0 and use the fact that
N(φ0) = M(φ0), and hence for |ψ〉, 〈1⊗ N(φ0)〉 = 〈M(φ0)⊗ 1〉, to simplify the expression for cACE∗A→B further.
cACE∗A→B =
1
4
(− 3+ 2〈1⊗ N(φ0)〉 − 2〈1⊗ N(φ1)〉+ f (θ1, φ0, φ1,Λ,γ)) (25)
= qACEA→B +
1
4
(
f (θ1, φ0, φ1,Λ,γ)− 3
)
,
where we inserted the expression for qACEA→B from Eq. (21). If we show that for all entangled states |ψ〉 we can
find angles θ1, φ0, φ1 such that cACE∗A→B > qACEA→B we are done. This is equivalent to showing that the function
f (θ1, φ0, φ1,Λ,γ)− 3 can be made positive for all Λ and γ.
Let us now write f explicitly:
f (θ0, θ1, φ0, φ1,Λ,γ) = 2(1− γ) cos(θ0) cos(φ0) + 2Λ sin(θ0) sin(φ0) + 2γ (26)
+(1− γ) cos(θ0) cos(φ1) +Λ sin(θ0) sin(φ1) + γ
−(1− γ) cos(θ1) cos(φ0)−Λ sin(θ1) sin(φ0)− γ
+(1− γ) cos(θ1) cos(φ1) +Λ sin(θ1) sin(φ1) + γ.
Let us take φ0 = 0 and φ1 = pi2 (and remember that θ0 = φ0). This simplifies the above expression for f and finally
we obtain:
cACE∗A→B − qACEA→B =
1
4
(
(γ− 1)(1+ cos (θ1)) +Λ sin (θ1)
)
≥ 1
4
(
− 1− cos (θ1) +Λ sin (θ1)
)
=
1
4
(
−1+
√
1+Λ2
( −1√
1+Λ2
cos (θ1) +
Λ√
1+Λ2
sin (θ1)
))
, (27)
where we used the fact that γ > 0. Thus, if we can prove the statement for even dimensions, for which γ = 0, we
are done. It is easy to see that in Eq. (27) the multiplier of
√
1+Λ2 can always be made 1 by an appropriate choice
of θ1. Finally, we get
cACE∗A→B − qACEA→B =
1
4
(
√
1+Λ2 − 1) > 0. (28)
The strict inequality holds as long as there are at least two non-zero Schmidt coefficients in |ψ〉, which is always
the case if the state |ψ〉 is entangled. This completes our proof.
8The violation presented above is not the optimal. Below we consider an arbitrary two-qubit pure entangled state
and provide explicit form of measurements, that we argue give the optimal violation of the inequality in Eq. (13).
Without loss of generality we can fix the state to be |ψ〉 = cos(α)|0, 0〉+ sin(α)|1, 1〉, α ∈ [0, pi4 ]. For this state the
reduced density matrices are equal to ρA = ρB = cos2(α)|0〉〈0|+ sin2(α)|1〉〈1|. Since we are looking for the optimal
violation we go back to the form of the bound as in Eq. (24) before we made assumptions about the measurement
angles. For two-qubit state this expression takes the form:
cACE∗A→B − qACEA→B =
1
4
(− 3− 〈1⊗ N(φ0)〉+ 〈M(θ0)⊗ 1〉+ f (θ0, θ1, φ0, φ1,Λ, 0)) (29)
=
1
4
(− 3+ (cos θ0 − cos φ0) cos(2α) + f (θ0, θ1, φ0, φ1, sin(2α), 0)),
where the function f (θ0, θ1, φ0, φ1,Λ,γ) is given by Eq. (26) as before and Λ = sin(2α), γ = 0. Supported by
a sufficient numerical evidence we take φ0 = −φ1 and θ1 = −pi2 , which seems to be the optimal choice for all
α ∈ [0, pi4 ]. The assumption φ0 = −φ1 also ensures that qACEA→B = 0. The function f (θ0, θ1, φ0, φ1, sin(2α), 0) now
takes the form
f (θ0, φ0, sin(2α), 0) = 3 cos(θ0) cos(φ0) + sin(2α) sin(φ0)(2+ sin(θ0)). (30)
Optimally over θ0 can be resolved analytically and yields
θ0 = arccot
(
cos(2α) + 3 cos (φ0)
sin(2α) sin (φ0)
)
. (31)
The optimal form of φ0, the only parameter of optimization that is left undetermined, is too unwieldy to be written
explicitly here. However, we note that optimization over a single real parameter can be performed up to an arbitrary
numerical precision for smooth functions. This optimization leads to the plot of vα in Fig. 2(left).
Finally, we also provide the values of α and φ0
α = arctan
(
1√
3
√
2+ 2
)
+ arctan
(√
1
2
(
3
√
2+ 2
))
, φ0 = arctan
(
2√
3
√
2+ 2
)
, (32)
which lead to the optimal violation
max
α
(vα) = 3− 2
√
2, (33)
which we confirm to be the optimal with the help of the NPA hierarchy [42].
As mentioned in the main text, the maximally entangled state with α = pi4 does not lead to the optimal violation.
Instead, the maximum value that can be attained is equal to v pi
4
= 38
(√
6− 2
)
. The proof of this bound can
be found in Appendix B. Since maxα(vα) − v pi
4
≈ 0.00301422, we conclude that a two qubit Bell state (and the
corresponding optimal measurements) does not lead to the maximal violation of the classical bound on ACE.
B. Proof of Result 2
Below we give a proof of Result 2 regarding incompatibility from the main text. For convenience, we provide the
definition of compatibility of two-outcome POVMs {(Mx0 , Mx1 )}x (see e.g., Ref. [48]).
Definition 1 (POVM compatibility). A collection of two-outcome POVMs {(Mx0 , Mx1 )}x is said to be compatible (or jointly
measurable) if there exist a so-called parent POVM (G0, . . . , Gmλ), (Gλ ≥ 0, ∑mλλ Gλ = 1), and a classical post-processing
function d(a|x,λ), (d(a|x,λ) ≥ 0, ∑a=0,1 d(a|x,λ) = 1, ∀x,λ), such that the following holds
Mxa =
mλ
∑
λ
d(a|x,λ)Gλ, ∀a, x. (34)
The proof is divided into two parts.
9Proof. Part 1. In the first part we show that compatibility of Alice’s or Bob’s measurements would necessar-
ily lead to compliance of ACE with the classical bound in Eq. (13). Let us first prove that if Alice’s POVMs
(M00, M
0
1),(M
1
0, M
1
1) admit the decomposition in Eq. (34), no violation of classical ACE bound can be observed. Let
Mxa = ∑
mλ
λ d(a|x,λ)Gλ, a, x ∈ {0, 1}, then the observed quantum behaviour p(a, b|x) takes the form
p(a, b|x) =∑
λ
d(a|x,λ) tr[(Gλ ⊗ Nab )ρAB] =∑
λ
d(a|x,λ) tr[σλNab ] =∑
λ
d(a|x,λ) tr[σˆλNab ] tr(σλ), (35)
where we have introduced the notation σλ = trA[(Gλ ⊗ 1)ρAB] and σˆλ = σλtr[σλ ] . Since ∑λ Gλ = 1, we know that
∑λ tr[σλ] = 1, i.e. {tr[σλ]}λ defines a probability distribution. On the other hand, since each σˆλ is a normalized
state, ∑b tr[σˆλNab ] = 1, ∀a,λ. Hence, we constructed a decomposition of the behaviour p(a, b|x) in the form of
Eq. (2). At the same time, the do-probability p(b|do(a)) can be decomposed as follows:
p(b|do(a)) = tr[(1⊗ Nab )ρAB] =∑
λ
tr[(Gλ ⊗ Nab )ρAB] =∑
λ
tr[σˆλNab ] tr[σλ], (36)
i.e., it admits the decomposition in Eq. (14) with the same response function tr[σˆλNab ] and distribution {tr[σλ]}λ of
λ as the behaviour p(a, b|x). From here, it follows that the classical bound in Eq. (13) holds for ACE for compatible
measurements of Alice.
Similarly, we can repeat the above construction for the case when Bob’s POVMs are jointly measurable, i.e., when
Nab admit a decomposition of the form N
a
b = ∑
mλ
λ d(b|a,λ)Gλ, ∀a, b. Let us again write the behaviour p(a, b|x)
p(a, b|x) =∑
λ
d(b|a,λ) tr[(Mxa ⊗ Gλ)ρAB] =∑
λ
d(b|a,λ) tr[Mxa σˆλ] tr[σλ], (37)
where now we denoted σλ = trB[(1⊗Gλ)ρAB], and again σˆλ = σλtr[σλ ] . We have already shown above that {tr[σλ]}λ is
a valid probability distribution and again due to normalization of σˆλ we conclude that tr[Mxa σˆλ] is a valid response
function. For the do-probabilities, we can directly conclude that
p(b|do(a)) =∑
λ
d(b|a,λ) tr[(1⊗ Gλ)ρAB] =∑
λ
d(b|a,λ) tr[σλ], (38)
i.e., they satisfy the decomposition in Eq. (14) with the same response functions as in Eq. (37).
Part 2. In the second part we show that for an appropriate choice of a quantum state ρAB and measurements
of one party, the incompatibility of projective measurement of the other party can be witnessed by the violation
of Eq. (4). We would like to rewrite the inequality in terms of the effects corresponding to the “0" outcome only.
This is, of course, possible due to the normalization: Mx1 = 1−Mx0 and Na1 = 1− Na0 . As a result, we obtain the
following inequality:
tr
[
ρAB(−1⊗ (N00 + N10 )−M00 ⊗ 1+ 2M00 ⊗ N00 + M00 ⊗ N10 −M10 ⊗ N00 + M10 ⊗ N10 )
] ≤ 0, (39)
Now let us assume that the state ρAB is the maximally entangled state, i.e., ρAB = 12 (|00〉〈00|+ |00〉〈11|+ |11〉〈00|+|11〉〈11|), and tr[Mxa ] = 1, tr[Nab ] = 1, ∀a, b, x. This transforms the inequality in Eq. (39) to the following form
−3+ tr [(M00)T(2N00 + N10 )]+ tr [(M10)T(N10 − N00 )] ≤ 0, (40)
where (·)T stands for a transposition with respect to the basis in which ρAB was defined. We can now take (M00)T
and (M10)
T to be the eigenstates of the operators 2N00 + N
1
0 and N
1
0 − N00 , respectively, that correspond to the
largest eigenvalues of these operators. Finally, for qubit POVMs we can write Bloch decomposition of the effects
Na0 =
1
2 +
~na ·~σ
2 , which leads to the following inequality for Bloch vectors of Bob’s measurements
1
4
(|2~n0 +~n1|+ |~n0 −~n1| − 3) ≤ 0. (41)
One can see that the above inequality is violated by all incompatible rank-1 PVMs (N00 , N
0
1 ) and (N
1
0 , N
1
1 ), which
is the case whenever ~n0 ·~n1 6= ±1. Moreover, for noisy POVMs with |~n0| = |~n1|, the above inequality can still be
violated by some POVMs whenever |~n0| ≥
√
2
3 . It is easy to see that the same analysis can be carried out for Alice’s
measurements.
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We can continue the above calculations to derive the upper-bound on the violation of inequality in Eq. (4) by
a maximally entangled state. So far we made only one assumption that tr[Mxa ] = 1, tr[Nab ] = 1, ∀a, b, x, which is
always the case for rank-1 projective measurements, which are the extremal two-outcome qubit measurements. The
norms in Eq. (41) can be easily calculated for normalized vectors ~n0, ~n1, which leads to the following expression for
the violation
1
4
(√
5+ 4~n0 ·~n1 +
√
2− 2~n0 ·~n1 − 3
)
. (42)
A simple maximization over the inner-product ~n0 ·~n1 gives the value v pi4 stated in Appendix A.
C. Proof of Result 3
In this section of the Appendix we derive the lower bound on quantum average causal effect in Eq. (11). We start
by writing a general Bell expression for two dichotomic measurements:
B(α, β,γ, δ) = −α〈M0 ⊗ N0〉+ β〈M0 ⊗ N1〉+ γ〈M1 ⊗ N0〉+ δ〈M1 ⊗ N1〉, (43)
where Mx = Mx0 −Mx1 , Ny = Ny0 − Ny1 are Alice’s and Bob’s observables and 〈Mx ⊗ Ny〉 = tr[(Mx ⊗ Ny)ρAB]. Real
coefficients α, β,γ and δ are at the moment not specified. Since the dimensions of observables and the state are not
restricted, we can assume ρAB to be pure and the measurements to be projective. Then one can upper-bound the
expression in Eq. (43) in the following way: First, we group the terms corresponding to observables M0 and M1
and afterwards, we use the Cauchy–Schwarz inequality to obtain the following:
B(α, β,γ, δ) ≤
√
〈(M0)2 ⊗ 1〉
√
〈1⊗ (αN0 − βN1)2〉+
√
〈(M1)2 ⊗ 1〉
√
〈1⊗ (γN0 + δN1)2〉. (44)
Since Mx and Ny are two-outcome projective observables, we have that (Mx)2 = (Ny)2 = 1 and we can rewrite the
inequality as follows:
B(α, β,γ, δ) ≤
√
α2 + β2 − αβ tr[ρAB1⊗ (N0N1 + N1N0)] +
√
γ2 + δ2 + γδ tr[ρAB1⊗ (N0N1 + N1N0)]. (45)
On the other hand, we can express B(α, β,γ, δ) in terms of the observed correlations p(a, b|x) and the do-
probabilities p(b|do(a)) as follows
B(α, β,γ, δ) =−α− β+ γ− δ+ 2p(0|do(0))(α− γ) + 2p(0|do(1))(β+ δ)− 2α(p(0, 0|0)− p(0, 1|0))
+2β(p(1, 1|0)− p(1, 0|0)) + 2γ(p(0, 0|1)− p(0, 1|1)) + 2δ(p(1, 1|1)− p(1, 0|1)). (46)
Notice that for γ = 1+ α and δ = 1− β, in Eq. (46) the expression of do-probabilities form the qACE. Hence, setting
these values for γ and δ, we can express qACE from Eq. (46) as a function of α, β, correlations, p(a, b|x) and the
value B(α, β, 1+ α, 1− β).
Next we derive an upper bound in Eq. (45). In particular, we maximize the right-hand side of Eq. (45) with
respect to the real parameter ξ ≡ tr[ρAB1⊗ (N0N1 + N1N0)], subject to the following constraints −2 ≤ ξ ≤ 2 and
find that the optimal solution corresponds to the following expression of ξ:
ξ =
α
β
+
β
α
+
α+ β
1+ α
+
α+ β
β− 1 . (47)
Inserting this expression in the inequality leads to the bound
B(α, β, 1+ α, 1− β) ≤ |α+ β|
(√
(1+ α)(1− β)
αβ
+
√
αβ
(1+ α)(1− β)
)
, (48)
which is applicable when −2 ≤ ξ ≤ 2. Combining Eq. (45) (for γ = 1 + α and δ = 1− β) and Eq. (48) allows to
obtain the following lower bound on qACE:
qACEA→B ≥ 2(p(0, 0|1) + p(1, 1|1))− 1− α ∑
x=0,1
(−1)x(p(0, 0|x)− p(0, 1|x))− β ∑
x=0,1
(−1)x(p(1, 0|x)− p(1, 1|x))
−|α+ β|
2
(√
(1+ α)(1− β)
αβ
+
√
αβ
(1+ α)(1− β)
)
, (49)
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where α and β need to satisfy the condition that 2 ≤ ξ ≤ 2 and any such assignment of α and β leads to a valid
lower bound on qACE. Naturally, in order to obtain a tighter bound, we try to maximize the right-hand side of
Eq. (49) with respect to α and β. This, however, turns out to be not a straightforward task, given that the correlations
p(a, b|x) are to remain unspecified. Here we consider a specific fruitful assignment that complies with 2 ≤ ξ ≤ 2
for all α
β =
1+ α
1+ 2α
. (50)
Making the above substitution leaves us with an expression of the lower bound carrying merely an unconstrained
parameter, α and the observed probabilities. Such an optimization over α is then possible and results in two
solutions (depending on the choice of ±):
α =
1
2
(
±
√
±1+ p(1, 0|0)− p(1, 0|1)− p(1, 1|0) + p(1, 1|1)
±1+ p(0, 0|0)− p(0, 0|1)− p(0, 1|0) + p(0, 1|1) − 1
)
. (51)
One should note here that, due to the constraints on the observed correlations in the instrumental scenario, namely,
p(1, 1|0) + p(1, 0|1) ≤ 1 and p(0, 1|0) + p(0, 0|1) ≤ 1, the expression under the square root in Eq. (51) is always
non-negative. Finally, by substituting the expression of α in Eq. (49) we directly obtain the expression in Result 3.
D. Bounds on ACE for non-signaling probabilistic theories
Here we explain the derivations of the lower-bound in Eq. (12) on nACE. Without loss of generality let us assume
that p(0|do(0)) ≥ p(0|do(1)). From a simple relation between marginal probabilities in Bell scenario, namely,
pBell(b|y) ≥ pBell(a, b|x, y), we conclude that
p(b|do(a)) ≥ max
x
(p(a, b|x)), ∀a, b, (52)
and in particular p(0|do(0)) ≥ maxx(p(0, 0|x)). It also follows that
p(0|do(1)) = 1− p(1|do(1)) ≤ 1−max
x
p(1, 1|x). (53)
Combining both bounds above leads to the bound given in Eq. (12):
nACEA→B ≥ maxx (p(0, 0|x)) +maxx (p(1, 1|x))− 1. (54)
Alternatively, one could use linear programming techniques in order to reproduce the above result. Namely,
one could use convex polytope software (e.g., Panda [49]) in order to obtain the extremal points of non-signaling
polytope in Bell scenario. Then one would apply the mapping in Eqs. (9,10), which is an affine transformation
in the space of probability vectors. Using the same software one more time, one could obtain the inequalities
that determine the relations between the probabilities p(a, b|x) and do-probabilities p(b|do(a)) in the instrumental
scenario with non-signaling source of correlations. These inequalities turn out to be exactly the ones in Eqs. (53,54).
The resulting bound is again given by Eq. (12), which also proves its tightness.
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